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1. INTRODUCTION 
Let (nk}& be an increasing sequence of nonnegative integers and let p 
be a regular Bore1 measure on the unit circle T. Suppose that its Fourier 
transform, g(n) = ST e-inr C&(X), vanishes in a gap of length /, just before 
each Q. That is, a(n) = 0 whenever nB - /k < 12 < nL for some K. Let 
nzk = n, - e, - 1. In this paper we prove that: 
(i) if for some 8 > 0, C,,, 3 an, for all k then 
(ii) if 8k ---f co as K -+ GO then 
i;h) - 0 and @(n&--+0 as K--+ co. 
We do not know whether it also follows in (i) that zy=‘=, 1fi(mle)12 < co. 
Our results are true for compact Abelian groups with ordered dual groups. 
The proofs, however, are the same as for the circle group, and, except for a 
few remarks, we shall confine our discussion to T. Our terminology and nota- 
tion follow [5], which contains a discussion of ordered groups. When f is a 
function on T we write f (x) rather than f (ei2). Thus Lp( T), for 0 < p < 00, is 
the space of all measurable f for which 
If II9 = (1:” lfwg9 
is finite. C(T) denotes the space of continuous complex-valued functions 
on T, and M(T) is its dual space, the space of complex regular Bore1 measures 
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on T, with the total variation norm. To each f in L1(T) we associate the 
measure f (x) dx/2rr. Under this correspondence L’(T) is isometric to the set 
of absolutely continuous measures in M(T). Hence our conclusion (i) holds 
in particular for Fourier coefficients of L1 functions. 
In most classical theorems about lacunary Fourier series (see [S, Chap. V, 
Section 61) a sequence {n,}, with rzL+1 > (1 + 6) nk for all K, is fixed and it is 
assumed that all terms in the series are zero except those at the indices 
(& +}. It is known that if E is a finite union of such lacunary sets of integers 
and if a(n) = 0 whenever n is positive and not in E then x:,“=, 1 @(n)12 < co 
(see [7, p. 210, remark (3), Theorem 3.1; 1, p. 429, Theorem 111). This 
implies our conclusion (i) in the special case when {mlol - nk} is bounded 
above; (i) is new when {mkfl - nk} is not bounded above. 
Some properties of Fourier series in which long gaps alternate with long 
stretches of nonzero terms are known. For instance, if a series C,” u, has 
infinitely many gaps (mlc , ttk) with nk 3 (1 + 6) ml, and is Ceslro summable 
to s, then the partial sums of order mk converge to s [S, Chap. II, 1.271. Also, 
if qk+i > 4q, for all k then the singular Riesz product I-I:=‘=, (1 + cos QG) 
has a Fourier-Stieltjes series with gaps (m, , nk) where rzk > 2ml, [8, Chap. V, 
Section 7.12, Remark (b)]. Finally suppose that n, > (1 + 8) m, and 
mk+l>(l +a)nkf or all k. For trigonometric polynomials f let 
uf(x) = f C f(n) eins. 
a=lm~<?a<n~ 
A theorem of Littlewood and Paley states that the map CT: f t+ uf is bounded 
in the Lp norm for 1 < p < co [8, Chap. XV, Theorem 4.1 I]. 
Remark 1. If (T were of weak type (1, 1) or merely bounded from L1 to Lp 
for some p < 1 then our result (i) would follow easily. But o never has these 
properties. Indeed, suppose I[ uf &, < C Ilfll, for all f. Let x(x) = eio for all 
x and let g = x-lu(xf) - uf. Then 11 g 1l3) < C’ 11 f II1 . But 
g(x) = Lfl [f(m,) eimKz -f(n*) einry. 
Since (mk} U {nk} is a n(2) set ( see [7, p. 205, def. 1.5, and p. 210]), 
for all f. Since this inequality is clearly false when f is a FejCr kernel of high 
index we conclude that (I is not bounded from L1 to L*. 
We prove statements (i) and (ii) in Section 2; we also show that in (i) 
xr-,, 1 a(~ + p)12 < co for allp. In Section 3 we use this to extend a theorem 
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of Zygmund about the size of lacunary series on sets of positive measure. In 
Section 4 we prove some theorems dual to those of Section 2; for instance, if 
P!,,, > &a, for all k, then given {ok} with C 1 wk I2 < co there is a continuousf 
with psupported by the union of the intervals (mlc , nJ and withp(n,) = ok 
for all k. We also discuss possible analogs of (i) for spaces other than M(T) 
and L1( T). 
2. GAP SYSTEMS 
In this section we prove the assertions made in the first paragraph of the 
paper. 
DEFINITIONS. By a gap system we mean a pair ({q}z=,, , {m,}~l) of increas- 
ing sequences of nonnegative integers with nk < mr.l < nkfl for all k. 
The gaps are the open intervals (mlc , nk); /, = nk - mk - 1 denotes the 
number of integers in the kth gap. A gap system is called exponential if, 
for some 8 > 0, e Ic+l > an, for all k. Finally, given a gap system 
L’ = ({n,}, {m,}), MC denotes the set of p in M(T) for which p vanishes in all 
of the gaps. 
THEOREM 1. Suppose that 8 = ({n,}, {mlc}) is an exponential gap system. 
Then there is a constant C so that, for all TV in Ml, Cz=‘=, 1 &(n,)l Q C 11 p 112. 
We require the following: 
LEMMA 2. Let g and h be elements of a Hilbert space H, with inner product 
(-, .), ~2nd let PklL be a sequence of unitary operators on H. Suppose that 
(g, BkIBki-1 ... Bklh) = 0 whenewer 0 < 4 < k, < .-- < ki and ki > i. 
For k > 0 let ck = (g, B,B,-, ... B,h); let co = (g, h). Then 
d 2 II g II - II h II - 
Proof of Lemma 2. Define unitary operators {A,&, by A, = I and, for 
k > 0, Ak = BkBk,_, ... B, . Then ck = (g, A,h) for all k. The conclusion of 
the lemma follows from [2, p. 2961, if there is a sequence {Mk}TE1 of closed 
subspaces of H satisfying: 
(a) M,C M,C ***; 
(b) A,M, C A,M, C m-e; 
(c) A,h E Ak+lMk+l for all k > 0; 
(d) g is orthogonal to the subspaces Ak+,Mk for all k > 1. 
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We adopt the following conventions for the rest of this paper. OL always 
denotes a finite increasing sequence {olj):,r of positive integers. When k is a 
positive integer (k) denotes the sequence 1, 2, 3,..., k; (0) denotes the empty 
sequence. 01 < 16 means that every term of OL is a term of ,!I and that 01 omits 
some term of /3; thus 01 < (k) means that all the terms of 01 are < k and that 01 
has at most k - 1 terms. a: = {aj}i=r is said to skip if OL < (01~); in other 
words 01 omits some integer less than the final term CQ . Given 01 = (aj}j=r ,
B, denotes the product B,iB,i-l, ‘.. Bal . Thus Blk) = A, as defined above; 
naturally Bto) = I = A,, . The main hypothesis of this lemma is that 
(g, B,h) = 0 whenever 01 skips. 
Now let 
Mk = At span{B,h 1 OL < (k)}. 
Then, since A, is unitary, 
A&lI, = span{B,h 1 OL < (k)}. 
Thus it is clear that (b) holds. Also 
A& = B,,,h E -%c+JK+l 3 
and (c) holds. 
Next, 
= span(B,+,B,h 1 01 < (k)} C span{B,J 1 01 < (k + 1) and OL skips}. 
By assumption g is orthogonal to the generators of this subspace; hence (d) 
holds. 
Finally, 
M,c = &+,(A,+JW 
C Az+l span{B,h ( LX < (k + 1) and 01 skips} 
C Mzc+l- 
Thus (a) holds and the lemma is proved. 
Proof of Theorem 1. We begin with the basic case when 6’,+, > nk for all 
k, n,, = 0, and p E Icft is absolutely continuous, say &(x) = f (x) dx/2m, 
where f E P( T). 
f(n) = &- jrg(x) h(x) e-inz dx 
= (g, xnh), where x(x) = eiz. 
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For each k > 0 let p, = nb - n,-, and let B, be the unitary operator on 
L*(T) given by multiplication by x pt. Then, in the notation of Lemma 2, 
ct = (g, xy.p’ -** x91h) 
Also 
“3CPk + P.&I + ..- + A) 
= 3(%), because n, = 0. 
Now let 01 = {ai}j=l be an increasing sequence as in Lemma 2; let 
Pm = Pq + PaiAl + -.. + PLX, * 
Then it is easy to verify that (g, BJz) =3(pJ. Suppose that (Y skips and that 
k = 0~~ is its largest term. We claim that p, falls in the kth gap. Indeed, since 
01 -=c (4 
on the other hand, 
Thus m, < p, < nK. Since p E ill,, 
k, W) =f^(~a) = P(pcJ = 0. 
By Lemma 2, 
j. I fih)12 = f I c?c I2 
k0 
< 4 II g 11; . II h II; 
= 4llf II; 
= 4 II CL II20 
Now we remove one by one the special assumptions made at the beginning 
of the proof. First, even if p in Mt is not absolutely continuous, CL* P is 
absolutely continuous for all P in L1( T); moreover ,u * P E Md . Therefore 
i. I @<n,d * &dl* = go lb * PY bJl* 
< 4 II p * p 11; < 4 II P II2 * II p II,” 
409/42/I-I7 
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Now let P run through an approximate identity with I/ PII, = 1 to obtain 
Next if no > 0, we pass to the related gap system .4’ = ((n,l), {m,‘}), where 
?zk’ = nr. - n, and mk’ = mk - n, . We have PL+r = 8k+l 3 n, > nk’ for 
all k. If p E Al, let CL’ = x-“o~. Then p’ E Mi, and 
Finally suppose only that for some positive 6 < 1 we have r?,,, 3 an, 
for all k. Then n,,, > (1 + 6) np for all K; hence /,+, > 6(1 + 8)q-l nlc for 
all positive 4. Fix 4 to be the smallest integer for which 6( 1 + 8)Q--L > 1. Then 
&.+, > nk for all k. If p E LI&, break up the sum XI=,, 1 ,G(n,)12 into Q groups 
in each of which K runs through an arithmetic progression with period q. 
Our previous argument applies to each group and yields 
z. I @@k)l 2 < 4!? II P l12. 
This completes the proof of Theorem 1. 
COROLLARY 3. Let p be a positive integer and let 6’ = ({n,}, {mk}) be a gap 
system with nkfl > nB + p and &k+l ,> Sn, for all k. Then there is a constant C, 
depending only on 6, so that, for all p in n/l,, 
f I i;h + P)l” < c II /* l12. 
k=U 
Proof. We first show that, with these assumptions on /, if P(n) = 0 
whenever mk < n < nk - p for some k, then CrS’=, / a( < C jl /.L jj2. 
To verify this we examine the proof of the basic case of Theorem 1. We 
now have p, = nk - nkml > p for all k. Thus, if (Y skips and k = aj is its 
largest term then p, <p(k) - p = nk - p. As before, mlc < p, so that 
F(p,J = 0; the rest of the proof is the same. In the case 6 < 1 we pass to 
subsequences of (nk) for which it is true a fortiori that successive terms 
differ by more than p. 
Now if TV. E i&, let p’ = X&L. Then p(n) = 0 whenever 
mk-p<n<nk-p 
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for some K. Therefore 
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< C II cc’ II2 = C II II li2. 
Q.E.D. 
Of course, in any exponential gap system nktl - n6 > r,+, > an, so that 
for all sufficiently large K, say k >, K, we have nktl > nk + p. Thus, if 
p E MC, czxK 1 @(nk + p)12 < c 11 p l12. Hence ck 1 fi(nk + p)i' < 00 for 
all p. 
It is natural to seek other conclusions about ~1 in M, when /is exponential. 
By the above or [l, p. 429, Theorem 111, if {ml,+i - nl,> is bounded then 
zz=a ) $(n)la < co. Hence, by F. and M. Riesz, p is absolutely continuous. 
(For stronger results see [4; 5, Section 5.71. If (mk+, - nl,} is unbounded, 
however, Aft contains singular measures whose transforms do not tend to 0. 
For consider Riesz products nz=‘=, (1 + cos Q~x), where Qj+l > 4qj for all i. 
The corresponding series is the Fourier series of a singular measure, p say, 
with fi(qj) = 4 for all j [8, Chap. V, Theorem 7.61. Moreover fi vanishes 
except in intervals of length 2(p0 + ... + qiJ centred at * qj . Given a 
gap system e for which {m,-,, - nB} is unbounded it is easy to choose {qj} 
so that each such interval is contained in rf [nlc, m,+J for some k; then 
/.LEMt. 
Remark 2. A sequence (nkJ& of positive integers is called a Hadamard 
set if, for some X > 1, n k+l > hn, for all k. In an exponential gap system {nJ 
is a Hadamard set because n . 6+1 2 (1 + 6) nk for all k. Conversely, given a 
Hadamard set {n,}, there are nontrivial (i.e., with (mk+i - nk> unbounded) 
exponential gap systems whose gaps end at the nk . Indeed, let l/h < I < 1 
and let nzIi be the greatest integer less then rnli . Let n, = 0. Then ({n,}, {mk}) 
is an exponential gap system. In this case the union of the gaps has asymptotic 
density at most (1 - I) h/(h - 1). In fact when nk+Jnk --f co as k -+ io 
there is an associated exponential gap system for which the union of the gaps 
has density 0; just let tk+l = nk for all large k. Thus the conclusion 
ZLI I p(nkv -c co can follow from the vanishing of fi on a set of density 0. 
Remark 3. In the proof of the basic case of Theorem 1 all that we need 
to know about p is that $(pa) = 0 w h enever 01 skips. We restate this as follows: 
Given any sequence of integers {pk}F)=l let nk = pan) for all k > 0; if p E M(T) 
has the property that fi(p,J = 0 whenever cz skips then 
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This formulation has the drawback that, unless (pk} is a very thin set, there 
will be values of k for which n, can be expressed in more than one way as a 
sum of distinct p’s; i.e. nK = p, for some 01 # (R). Such an (Y must skip and 
we are forced to assume for such k that $(nk) = 0. Suppose, however, that 
{pl,} is a permutation of a positive sequence {qi} for which qi+l > 2q, for all i. 
Since no integer can be written in more than one way as a sum of distinct 4’s 
none of the ?zk defined above can be written in the form n = p, with u # (R). 
Our reformulation is interesting in this case because we do not have to assume 
that $(nk) = 0 for some values of k. When qi+l > (2 + 6) qi for all i, the set 
(p, 1 01 skips} has density 0; if @ vanishes on this set then CT=, 1 P(nk)lz < co. 
In contrast to Remark 3, the sequence {Q} given here need not even be a 
finite union of Hadamard sets. For instance let p, be: q2 , q1 , q4, q3, qs , 
q, , q6, q5 , qi6 ,...; then the number of Q’S lying between successive powers 
of 2 is not bounded. 
Remark 4. In Theorem 1 we require that ,G vanish in the interval of 
length kk to the left of each ?zp , where /,+, 2 an, for all k. If $ is also known 
to vanish in the interval of length /k to the right of each nlc then the conclusion 
CT=, / F(n,)i2 < CO follows by classical methods. For, using Riesz products, 
we can construct a measure v so that G(nk) = 1 for all k and so that i is sup- 
ported by the union of intervals of length 28, centred at & rzk. Suppose that 
p vanishes in the intervals [Q - fk, nE + 8,], except at the nk . Then 
7 = p * v satisfies Gj(?z& = F(Q) for all k and +j(n) = 0 for all other positive n. 
Therefore X:=0 1 fi(nk)j2 = xz==, 1 4(nk)12 < co [I, p. 429, Theorem 1 I]. 
For the rest of this section we do not require gap systems to be exponential 
but we do assume that &k + cc as k + 0~). Thus we can always pass to 
subsequences of the k’s for which the corresponding gap system is exponential. 
If p E i’llr , it follows from Theorem 1 that P(nk) -+ 0 as k ---f CO. A well-known 
argument (see the last paragraph of [6]) h s ows that we can also conclude that 
@(m,) -+ 0 as k - co. We give it here for completeness. 
THEOREM 4. Let e = ({nk}, {mlc}) be a gap system in which /, + 0~) as 
k-co. Thenforall~inMG,~(n,)-+Oand~(m,)+Oask-+~. 
Proof. Suppose that the second conclusion is false. Passing to a subse- 
quence and renumbering we can arrange for some E > 0 that 1 $(rn,J/ > E 
for all k. By the weak star compactness of the unit ball in M(T) the sequence 
(x-*~P}& has a weak star limit point, v say. Clearly I 5(O)] > E and by the 
gap condition 5(n) = 0 for all n > 0. Thus, by F. and M. Riesz, Y is abso- 
lutely continuous. But, by Helson’s translation lemma [5, p. 66, Lemma 3.511, 
v is singular. Hence v = 0, contrary to I fi(O)l > E. Therefore $(rnk) -+ 0 as 
k -+ co. By a similar argument @(nJ -+ 0 as k -+ co. It is also true for all p 
that&(n,+p)+Oand$(m,-p)-+Oask-+co. 
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COROLLARY 5. Let 4 = ({n,}, (m3) be a gap system with e, -+ co as 
k -+ CL). Then there is a positive sequence {ck}& , tending to 0 as k -+ co, so that 
JOY no p in Md is ( $(m,Jl > ck for all k. In particular there is no f in L1( T) n MC 
with ( f (m,)\ > clc for all k. Similar statements hold for (1~~). 
Proof. Suppose that for some C it is possible for all K to find measures 
pK in M, so that \I & < C and 1 PK(mli)j + 1 p,(n,)j > 1, for all k < K. 
Then the sequence {pK} has a weak star limit point Y in M, with 
) c(mJj + 1 i(n,)] > 1 for all k. This contradicts Theorem 4. Thus, given N, 
there is an integer K,,, so that if p E M( and 1 $(m,Jl + 1 a( > 1 for all 
k < Kni then (1 TV I/ 3 N2. Without loss of generality we can take {KN} to be 
increasing. 
Define {c~} by: 
ck = 1 if k <K,, c,=l/N if KNW1<k<KN. 
Suppose that p E Md and 1 fi(m&I + ( fi(nk)l >, C~ for all k. Then 
1 a( + 1 $(nR)\ 3 l/N for all k < KN . Thus (1 p 11 3 N for all N. Hence 
there can be no such II. So if p E Md there is a k for which 
ck > max{l b(mk>l 9 1 i+k>i>- Q.E.D. 
In contrast to Corollary 5 it is well known that, given a positive sequence 
{ck}T=,l tending to 0, there is f inLl(T) withf’(m,) > ck for all k; by Corollary 5 
there are sequences {ck} which force f to have some nonzero Fourier coeffi- 
cients in infinitely many of the gaps. By a theorem of Paley 18, Chap. XII, 
Theorem 7.81 there are also sequences (ck} which forcej(n) # 0, for infinitely 
many negative n. 
It would be desirable in Corollary 5 to have the sequence {ck} explicitly. 
Using Theorem 1 we can manage this for {nk}. For, given 8, pass to a sub- 
sequence {ki} so that the corresponding gap system is exponential. Choose 
{cK} >, 0 so that C&, cii = 00. Then for no p in MC is 1 $(nki)l > cli, for all i. 
Remark 5. The results of this section extend easily to the context of a 
compact Abelian group G with ordered dual group r (see [5, Chap. 81 for 
definitions and examples). We write r additively. A gap system in r is a pair 
of nonnegative alternating increasing sequences ({rk}, {rk’}). The kth gap 
may contain infinitely many members of r, so we take 8, to be yk - yk’. 
The gap system is called exponential if for some 6 > 0, we have fkkfl > 6yk 
for all k; for positive {and y in I’, & > 6y means that $ > pr for some pair of 
positive integers p and q for which p/q > 6. Theorem 1 and 4 and their 
corollaries can be restated in this context and proved by same methods. 
The discussion after Corollary 3 has to be modified, however. For instance, 
in the first paragraph after the proof of Corollary 3 we use the fact that {nk} 
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is unbounded. If the order on r is not Archimedean there are bounded 
exponential gap systems; in such a case, if yk < y for all K, the assumption 
that p E Mt tells us nothing about {$(yL + y)}. It is true that if e is exponen- 
tial, 0 < y < yk: for some K, and p E A&, then C j ,G(rp + r)ia < co. Now 
consider the paragraph before Remark 2. It is true for ordered groups that if 
(&+I - yn} is unbounded then M( contains singular measures whose trans- 
forms do not tend to 0 (see [3, p. 407, Theorem 4.4(ii)] for the existence of 
appropriate singular Riesz products). When {$+i - rk} is bounded, however, 
it does not follow that xv,s 1 &)I2 < cc for all TV in M/ unless there is a 
finite bound on the number of elements in the intervals [yle , rk+r]. Even if 
xY,s 1 ,iz(r)l* < co, p can be singular [5, p. 202, 8.2.61. Finally we note that 
the reformulation of Theorem 1 given in Remark 3 does not refer to any 
order on Z; thus it extends to any compact Abelian group. 
3. SEMILACUNARY SERIES AND SETS OF POSITIVE MEASURE 
In this section, P and F always denote trigonometric polynomials with 
P(n) = 0 for all n > 0 and&z) = 0 for all n < 0. Clearly 11 F [I2 < [I P + F II2 . 
On the other hand, the projection: P + Ft+F is not bounded in the L1 
norm [B, Chap. 7, Section 21. Thus given E > 0 there are P and F with 
]j F ]I1 = 1 and I] P + F l/r < E. Now fix a sequence {nli}T=s of positive integers, 
with rzB+r > (1 + 6) n, for all K, and suppose that P is supported by {nk}. 
Then there is a constant C so that 11 F II2 < C jl P + F II1 for all such F and 
P [l, p. 429, Theorem 111; hence 11 F l)r < C 11 P + F l/r. In other words, if 
the support of P is thin, there cannot be too much cancelation between P and 
F in Ll(T). If p and E both have thin support then there cannot even be too 
much cancelation in G(E) for subsets E of T having positive measure. For, 
given E and {nk} with rzP+r > (1 + S) nk for all k, there are constants K and 
C so that if P and P are supported by { + rzP}kaK then 
II P + F II2 G C 1 1 P(x) + F(x)1 dx,:2n 
E 
[B, Chap. V, p. 2061. Hence 
Using the results of Section 2 we now extend this principle. 
THEOREM 6. Let (n,}F=,, be a seqzlence of positive integers with 
%fl 2 (1 + 3%f or all k and let EC T be a set with positive Haar measure 
I E 1 = SE dx/2r. Then there are constants C, depending on 6, and K depending 
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on E and 6, so that: If P is supported by (r~~}~>~, P(n) = 0 for all n > 0, and 
II P II2 d II F /I2 , then 
Proof. Let lE be the function which is 1 on E and 0 elsewhere and let 
C”co d,eins be its Fourier series. Then d,, = / E I > 0 and z 1 d, I2 < co 
so that, given c > 0, there is an integer N for which 
the constant c will be chosen later. Because nlc+l > (1 + S) n, for all k it is 
true for all sufficiently large k that n, > N and 
nlefl - 2N - 1 > (1 + S/2) (nk - N). (2) 
Let K be the smallest integer such that these inequalities hold for all k > K. 
Suppose then that P and F satisfy the assumptions of the theorem. Let 
S,(X) = Cf,, d,eins. Consider the functions f = S,(P + F) and 
g = lE(P + F). By Cauchy-Schwarz 
Ilf - g 111 < II S, - 1~ II2 * II P + F II2 
< cd, II P + F II2 , by Cl), 
< 21’24, II F II2 , since II P II2 f IlF II2 . 
Thus, 
Ilf 111 < II g 111 + 21’2cdo II F II2 . 
Also p(n) = 0 for all n > N except for intervals of length 2N centered at 
nK, nK+l ,..- Finally, f”(nk) = d&n,) for all k > K. 
Consider the gap system e’ = ({Q’}, {m,l}), where nk’ = r.~+.~ - N and 
mk’ = nK+k-l + N for all k. By (2) we have &+, > (S/2) n; and 
a;+1 - nk’ > N for all k. We have shown in the previous paragraph that 
f E J&s n L1. Thus by Corollary 3, with p = N, there is a constant c’, 
depending on 6, so that 
2 l.fhJ12 = i If& + WI2 < C'llf IIf. 
so, 
k=K k=O 
do IIF II2 = (k;K I h=412)1’2 
< (C’Y” (II g 111 + 21’2cdo II F 112). 
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Now let c = (SC’)-1/z. The inequality reduces to 
M,P) II F 112 d (VP II g IL > 
or 
II F 112 < 2(W” II g II&, . 
This is the desired result with C = 2(C’)li2, because 
i:gl/,=~~El~+Fl and d,, = / E / . 
COROLLARY 7 [B, Chap. V, p. 2061. Suppose that P and fi are both sup- 
ported by (& T&~~. Then 
II P + ~7 II2 < PC j-, I P 4 F Ii’1 E I . (3) 
Proof. This is clear from the theorem when I/ P II2 < II F II2 . If 
j] P]j, > )/ F /I2 consider P andp; their transforms are supported by (& n,},aK. 
Also~(n)=Oforalln~Oand~(n)=Oforalln~0.Since~~~~~2<~~~~~2, 
l/F + P II2 < 2r/ac 
I IF+Pl/lEl, E 
and this is equivalent to (3). 
Remark 6. It would be desirable to have Theorem 6 without the hypo- 
thesis /I P lip < 11 F jle; we do not know whether such a statement is true. The 
proof works under the assumption /I P [I2 < B ]I F /12, however; just change c 
to (*) [C’(l + P)]-lie. We then have jj F II2 < C (SE ] P + F ])/I E I with 
the same constant C as in Theorem 6. But N and K are larger than in Theo- 
rem 6 and seem to tend to infinity with B. 
Remark 7. There is no difficulty in extending Theorem 6 to compact 
Abelian groups with drchimedean ordered dual groups but when the dual 
group is not Archimedean we must add the assumption that the lacunary 
sequence supporting $’ is unbounded. Other extensions of our method are 
also possible. Following the lines of [2, p. 299, Theorem 31 we can show that: 
Given E C T with ) E / > 0 and {nk) with n,,, >, (1 + 6) nlc for all k, there 
are constants C and K so that 
II F ‘I2 Gc ss,,,,,, I +, Y) + F(x, r)l dx 4W-2 I E I , 
for all trigonometric polynomials P and F for which p(m, n) = 0 for all 
m > 0 and F is supported by {(k, f nk)XaK. 
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4. DUAL THEOREMS 
We now show by standard methods (as in [7, p. 223, Theorem 5.11) that 
the gap theorems of Section 2 are equivalent to statements about interpolation 
by Fourier coefficients of continuous functions. 
THEOREM 8. Let C! = ({n,}, {mk}) be an exponentiuZgup system. Let (vk}~zO 
be a complex sequence with 
II v II* = (f I Vk 12)1:* < co. 
k=O 
Then there is a function g in L”( T) with: 
(i) &z,) = ‘ulc for all h, 
(ii) 6 is supported by {no} u (m, , nJ u (m, , n,] u --., 
(iii> II g IL < W2 II v II2 ,
where C is the constant of Theorem 1. 
Also, given E > 0, there is a continuous function g satisfying (i) and (ii) and: 
(iii)’ II g IL d Cl/* II v /I2 + E. 
Proof. Suppose h E L1(T) n M, . Then 
so 1 A(n < C II h II: - 
By Cauchy-Schwarz, 
1 f bk) ‘k ( d Cl’* II v II2 II h 111 , 
k=O 
so that the map: h N Cz=,, h(n,) ok is a bounded linear functional on Ll n A&, 
with norm at most C1/2 11 v iI2 . By Hahn-Banach there is an extension to all 
of L1( T), with the same norm. Hence there is g in L”( T), with 
so that 
II g IL G cl’* II v II2 9 
i h(nk) vk = f” h(- x) g(x) dx/2r, 
k=O --II 
for all h in L1 n Md . To verify statements (i) and (ii) take h(x) = einr for 
various n. 
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To get a continuous function satisfying (i) and (ii) let E > 0 and choose h 
in Ll(T) with 11 h II1 = 1 and h(n) + 0 so slowly that the sequence 
wk = v,/h(nk) satisfies I] w 11s < ]I v II2 f c/C1j2 (This is possible by [8, 
Chap. V, middle of p. 1841.) By th e a b ove argument there is f in L”( 7’) 
satisfying: P(nk) = w, for all K, 3 is supported by the union of the intervals 
Cm k, n,], and llfllrn < CY2 [I v II2 + E. Then g = h *f is continuous and has 
the desired properties. 
Remark 8. The restatement of Theorem 1 given in Remark 3 can also be 
dualized in the above manner. Thus, suppose that {pr.} is a sequence of 
integers, that n, = p(,) for all K and that for no K is n, = p, for some OL # (K). 
Then, given {Q}& with /I z, lie < co, there is a function g in L”( T) satisfying: 
(i) &n,) = V~ for all k, 
(ii) j is supported by the set of p, , 
(iii) Ilg llm < 2 II v II2 -
For a direct construction of such a function g see [9]. 
We now consider possible analogs, for spaces other than L1( T) and M(T), 
of the results of Section 2. If n,,, >, (1 + S) nr for all K then it is known 
that I;=‘=, /f(n&j < 03 for allf in L”(T) for which3 is supported by { & nk} 
[S, Chap. VI, Theorem 6.11. Now suppose that k = ({n,}, {mk}) is an 
exponential gap system and that f~ L” n Ml . Does it follow that 
C”,,, IJ*(n&j < cc ? The answer is no, for given (nk) with r~,+~ > (1 + 6) nlc 
for all K and given {v~} with ]I v II2 < co, there is f in C(T) withf(n,) = vk 
for all K and!(n) = 0 f or all other positive n [6, Theorem 31. 
Next we specialize to f in L”(T) for which J’(n) = 0, whenever / n I lies 
in one of the gaps of an exponential gap system ({n,}, {m,}). If (mkfr - nk} 
is bounded then the support of j is a finite union of Hadamard sets, hence a 
Sidon set [7, p. 210, 2.5(3)] and xTm j3(n)l < 03. This is the only situation 
when the conclusion xy=‘=, /i( < co follows, even if we also require 
that f be in the disc algebra 
A ={fEC(T)Ij(n) =Oforalln <O}. 
THEOREM 9. Suppose that C = ({n,}, {mk}) is a gap system for which 
{mk+l - n,} is unbounded. Then there is a function f in A n A& so that 
go lf^(qJ = 2 IPbJl = O”* 
k=l 
Proof. Let (ki},7?, be an increasing sequence for which m,i+l - nki 3 1, 
for all i and tends to co as i + co. Consider the gap system c?’ = ({ni’}, {m,‘}), 
where ni’ = rnk,+r and rni’ = n,., . Then ei’ - co as i + CO. I I 
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Now suppose that CT=a 1 j(n31 < co for all g in A n Al, . By the uniform 
boundedness principle the linear map: g ++ x:to j(nk) is continuous with 
respect to the supremum norm on A n h&; therefore, it has an extension to 
all of C(T). Thus there is a measure p so that 
$$ns) = lrg(- X) &L(X), for allg in A n M, . 
Taking g(x) = einx for various n yields that $(nJ = 1 and that P(n) = 0 
whenever n, < n < mlcfl for some K; thus TV E Md, . But c(mi’) = I for all i, 
contrary to Theorem 4. Therefore there is a g in A n Ml with 
Similarly there is h in A n rCf[ with xr=‘=, 1h(m,)l = CO. Takingfto be one 
of g, h, or g + h completes the proof. 
Now let 1 < p < co; any interesting theorem about (1 p(nk)j} for f in 
Lp n Ml must be very delicate. First, when p > 2 the best possible conclu- 
sion is the trivial one that XT=‘=, If( < 00 [S, Chap. V, Theorem 8.161. 
When p < 2 and CT=‘=, If(n,\z < 00 for all f in Lp n MC then {Q} must be 
a Al set (see [7, p. 205, Def. 1.51); on the other hand, if {nk) is a A(q) set 
where l/q + l/p = 1 then xz=‘=, I p(nz)lz < cc for all f in Lp [7, p. 225, 5.41 
and no gap condition on 3 is required. There remains the case of sets (nk} 
which are n(2) but not n(q); for 4 < 4 no examples of such sets are known. 
Remark 9. Theorems 8 and 9 are valid for compact Abelian groups with 
ordered dual groups. It is also true that, given &} with yr+a 3 (1 + S) ylc 
for all K, and given (Q} with I/ ZI iI2 < CO, there is f in C(G) with J’(r3 = z’~ 
for all k andf^(y) = 0 for all other positive y. If C = ({yk}, {yk’j) is an expo- 
nential gap system and {&+r - ye} is bounded it may happen that there is no 
finite bound on the number of elements in the intervals [rlc, rk+J. Then, 
when f in C(G) satisfies!(y) = 0 w enever y or - y lies in a gap, the support h 
of f^ does not have to be a Sidon set; there are such f for which 
&r I p(r)\ = 03. But it is true for such f that Cr=,, If^(rli)] < co. To see 
this one argues as in Remark 4, convolving f with a suitable Riesz product. 
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